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An Interviewwith Susan Jane Colley

Susan Colley is the Andrew and Pauline Delaney Professor of Mathematiosrih OShe
serves as Editor-Elect @he American Mathematical Monthl\he received her doctoral degree
from the Massachusetts Institute of Technology.

Ken: What do you love about math?

Susan Lots of things: its precision, its economy, to name just two characteristdsnire its
expressive power: how mathematics adds to our language and ability to conteaunica

| also find that the best and most compelling mathematics has strong aegibkties; the
best arguments and proofs have a wonderful inevitability about them.

Ken: When did you realize that you wanted to become a mathematician?

Susan When | was quite young, actually, around sixth grade. It was at thath@nleltegan
reading popular books about mathematics, such as Kasner and Newtatrésnatics and the
Imaginationand Newman’s compilationhe World of MathematicsThose books—and
others—made it clear to me that mathematics was full of great ideas.

Ken: Could you please describe a mathematical idea that caught yourrfamclyefore college?

Susan Two things: One was my informal understanding about topology (of the “rubbet sheet
variety). | really liked the idea of how one could come up with a way to callgaes “the

same” when they were not the same in one way (i.e., not identical), but shared gs@petti
characteristics that really did make them the same in a more fundamental eaother idea

that fascinated me was that one could prove something to be impossible (likengriaacngle).
It's the undeniable logic of the argument, | suppose.

Ken: Could you please describe your personal histe | had to become better

as it relates to your becoming a mathematician? We organized in order to give
an effortless process, or were there great challenge myself the time and tools to
Were there times when you had second thoughts?  think about things adequate

Susan For the most part, | never had second thoughts. I've always felt that nasitteeis the

most intriguing, exciting, and appropriate subject for me and | have alwaysditarghare my

love for it. | went to MIT as an undergraduate (and remained to pursue my Ph.D.), so | was
surrounded by science and engineering. That was good for me, as priordge tatkended an
all-girls school that did not place special emphasis on science. At theis@nkknew that
laboratory work was not going to be my forte; | was not especially adepth&ithiysical

objects, nor especially patient with the notion that theory and reality didr@yslagree. |

suppose most people would have headed toward practical applications, but | was pusiged towa
pure mathematics!

In graduate school there was a difficult period for me. One particular faceithper was
quite discouraging and | am not completely clear just why. At the time Heteck that | would
not become a “research star” and therefore recommended that | should not plan to have an
academic career in mathematics. In retrospect, | think that he held & mavwoof the career
path for (academic) mathematicians: that it should minimize the teaatjpegt, and that



research should be of the very highest quality or not pursued at all. | had recendy arad
perhaps that may have caused this person to view me as therefore not suffictkcaleddo
mathematics. Fortunately, there were other faculty at MIT who weyesupportive of me and
helped to restore my self-confidence, although at times self-doubt stilldingiée best antidote

for that, I've found, is simply to forge ahead.

Ken: What advice do you have for a student who aims to become mathematician? How should
they best apportion their “math time”? What is the best way to study math?

Susan The most important advice is to be
patient—patient with the mathematics and
with yourself—and to develop a tolerance fc
the frustration that inevitably occurs when
attempting to solve a difficult problem.

| suppose that it goes without saying
(although I'll say it anyway), but different
people will study mathematics differently.
I've always liked learning the literature
surrounding a problem or area of
mathematics, perhaps because even if | dor
come up with a solution, at least | will have
added to my own personal knowledge. |
know that some others may find too much
study to be constraining, however, and that
stifles creativity.

How you work on mathematics depenc
on you, of course, but having blocks of time
to concentrate would seem to be essential f
everyone. | don’'t know that means full eigh
hour workdays without interruption, howeve
| find that | begin to get stale in my thinking
after three or four hours, at which point | ne
to clear my head with some different type of
task, at least for a while.

One thing that has been very importan.

Here’s a nifty observation due to Prof. Colley:

A cylinder’s volume is r2h, wherer is the radius of
the base, anld is the height. How much does this
volume change if we change the radius byand the
height by h? Answer:

(r+ n%h+ h) - roh.
This expression is equivalent to
(2rh r+r2 h+2r r h+h( )2+ ( r)2 h).

When r and h are small, this expression is closely
approximated by (2rh r +r2 h). (Why?) A can of
soda is roughly a cylinder with base radius 1” and
height 5”. At these dimensions, notice that theine
is 10 times more sensitive to changes than changes
in h. That means that if you make the base circle a
little bit smaller, to maintain the same volumey'gb
have to increase the height quite a bit! Such a
modification might fool people into thinking thatet
taller can is much bigger, when it's actually theng
size. Nevertheless, do you think a soda company
could get away with charging more for the tallenza

Prof. Colley published this observation in “Calcuin
the Brewery,"The College Mathematics Journ2b
(1994), no. 3, 226-227. We urge you to read her
article because she uses multivariable calculustand
has a nice illustration!

in sustaining me mathematically is to have a good collaborator. | havedmesrafe to have
worked with several people, but especially Gary Kennedy of the Ohio State dityivétaving
some responsibility to a person as well as to the mathematical problem helgs hockee task.
It has also enhanced the social aspect of mathematics for me, somethargetisatot aware of

when beginning one’s career.

Ken: What is algebraic geometry to you? What are your goals in algee@incetry?

Susan Broadly speaking, algebraic geometry is the study of solutions to systemsraimpai/
equations. Since polynomials are mathematical objects that are both antercainhgputation
and can be used to approximate other functions, algebraic geometry can gieetareef
window into all geometry, and other parts of mathematics, too.

The subject of algebraic geometry is really quite vast and full of many sskend | don’t
pretend to have mastery of the entire subject. (Few people, if any, do.) The graatiealthat |
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Meditaté’ath

Miquel's Theorem

The geometric diagram on the next page illustrates Miquel’s Theorem, whichesl adter
Auguste Miquel, a French mathematician who lived in the first half of thedstury.

Here’s the setup: Draw a triangd8C. Now pick 3 pointsA’ on sideBC, B’ on sideCA, andC’

on sideAB. You may pick any points on those sides that you wish. Next, draw the unique circle
the passes through B, andC'. Similarly, draw the unique circle throudd) C', andA’ and the
unique circle througlt, A', andB'.

Does it look like the three circles have a common point of intersection?

Miquel's theorem states that they do!

Can you prove it?

Find a quiet place to meditate upon this diagram. Ignore time. Just observe. What d@ you see
What can you explain? Record your observations. Jot down any explanations.

If you'd like a little help to get going, here is a list of some things to conside

1. The red and blue circles intersect in two poiBtgnd a point we’ll labeM. What kind of
quadrilateral is quadrilateralB MC'? What kind of quadrilateral is quadrilate@\ MB'?

2. Consider a quadrilateral inscribed in a circle (a so-caltelic quadrilateral). What is the
relationship between the measures of opposite angles in the quadrilateral?

3. Can you express the measure of aBgMC’ in terms of the angles of trianghBC?

4. How do the three highlighted angles relate to each other?

5. The common point of intersection of the 3 circles is calledfiqael point. What points can
be Miquel points? That is, what is the locus of pdihter which there exists poins, B’, C’

on different sides of triangl&BC so thatP is the associated Miquel point?

6. Suppose that the Miquel point is the center of the circumscribed circle ofadeéB@l In this
case, where a®¥', B', andC'?

7. What happens in the limit & approache£, B’ approache#\, andC’ approache8?
8. Can you see that the Miquel point sits on the circumcircle of tri&B&f and only if the

pointsA’, B’, andC’ are collinear? (In this case, one of the poAitB’, or C’ will lie outside of
the triangle.)



Miquel’'s Theorem



The Mountain Clock, Part 2

by Ken Fan | edited by Jennifer Silva

The Dean of the Royal Academy clambered to the top of Academy Tower, the highes
building on campus. He had just been tasked by the King to solve the city’s time woes. Ther
could not be a more important problem!

At the top of the tower were the four Academy Broadcasters, standing addlye fiéhe
broadcasters listened intently as the Dean dictated a message to thennadhadbers then
took their positions facing out onto the academy grounds, one for each compass direction. They
inhaled deeply, then bellowed out the following message in unison:

lllustrious professors of the Royal Academy! By order of the Dean, report to the
Main Hall immediately. No less than the chronological fate of our entire city is at
stake. All classes are cancelled until further notice. Make haste!

Even before the echoes of the Dean’s message made their last bounces, thg acade
grounds erupted in raucous commotion as professors took leave of their students, cemmittee
lectures, consultations, researches, experiments, and writings, and hurriezitbeeMain Hall.

There, the Dean recounted all of the trials and tragedies that the city haeldssifiee
the implementation of the 32-hour day and the monumental Mountain Clock. Foremost among
these were the spurious clock readings due to poor synchrony between the Royetdjeies
and the mass confusion that befell city dwellers whenever a time keeper tsanelsmmehow
incapacitated. The Dean concluded, “As the intellectual hub of the city, it is upatding &
solution. Your ideas! Let’s hear them now!”

“Obviously, the synchronization problem is a direct and predictable consequence of poor
communication betwixt Royal Time Keeper squads. We espouse the development af an inte
peak communication network,” proposed the Professor of Communication.

“The problem is not one of communication. No doubt, the problem is the variation in
skill between the different time keeper teams, as, evidently, uniform timerkssparmance
translates to uniform Mountain Clock performance,” asserted the Professtresski

“l beg to differ,” interjected the Professor of Diversity. “For no matter pmaeticed the
time keepers are, there will still be variation among Royal Time Keeae1s, thus rendering
spurious clock readings an inevitability.”

“Even if good communication and uniform quality is implemented, the Royal Time
Keepers, strong and fit as they are, are, nevertheless, still proneds.ill@karly, we would be
wise to promote the redundancy of backup teams,” explained the Professor of Mistakes.

And on it continued, well into the Shour. It was the largest multidisciplinary
collaboration the city had ever seen. Every professor contributed ideas. Well, eydnybod
one, the Professor of Mathematics, as the Dean couldn’t help but notice.

“You haven't spoken,” said the Dean in the direction of the mathematician. “Have you
no thoughts?”

A hush came over the gathering as the professors all turned to facerthersle

“Not yet, sir!” came the reply. “I'm thinking.”

“Very well. It's late,” announced the Dean, just as all of the time Sateee being
retired. “Let us adjourn. Work these ideas. We reconvene here in one week, when thdlKing wi
want a solution!”
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The following days were packed with activity. Professors of the Royal Agade
oversaw a myriad of projects designed to test various proposals and proceduress Student
Royal Academy assisted in building models, running errands and experiments, armgltpiay
role of time keepers for critical simulations. Like an orchestra condubtbDean directed the
entire affair.

Throughout this bustle, the mathematician sat in a meditative state, thinking acidgla
intently forward at nothing in particular. Some even resented what they misitedrase
laziness on the part of the mathematician. They’d see her lying about, agpdwerdinothing.

In truth, though, her mind was actively searching. And after days of contemplatpratios
struck. She finally had something to tell the Dean! She found him standing befersiadif
replica of the Frogfish in the middle of the quad, whose once lush lawn was now mostly dirt,
well-trodden and strewn with all manner of makeshift contraptions. Sweat drippedhie
Dean’s brows as he issued orders left and right.

“Bring in the dogs!” he commanded. Suddenly, a pack of ravenous dogs appeared and
began sniffing around the Frogfish.

“Yes, fifty pounds of dog food,” he confirmed to an assistant. “Oh, and a barrel of water
and some fire sticks!”

“Where are those dog trainers?” he wondered aloud, then turned to another, “Find the
trainers!”

“Hey, hey!” he yelled off into the distance. “That red cloth doesn’t go there, @it
there! Yes, there, by the Dragon!”

“Excuse me, Dean,” said the mathematician during an apparent hiatus in the Dean’
parade of orders. “I've had an idea. May | share it with you?”

“Not now! The dogs are hungry, and | can'’t find the trainers! The King comes
tomorrow. We don’'t need ideas now, we need action! Go help find the dog trainers!”

“But sir,” the mathematician tried again, but it was no use. The dog trainergikiad ar
and the Dean descended upon them, gesturing further instructions.

The next day, all gathered back in the Main Hall. Seated in front was the King.

“Have you found a solution?” asked the King.

“l am proud to say that after a week of intense effort, we are ready tofpyesewith a
solution to the city’s time problems,” responded the Dean.

“Wonderful! Let’s hear it!” bade the King.

The Dean cleared his throat.

“To avoid spurious readings,” declared the Dean, “the solution is to hide the tioessta
while the Royal Time Keepers move them into place!”

“And how are you going to hide these giant time statues?” asked the King.

“Ah! We encircle each time statue with a colossal curtain, in Royal Reduo$e! The
curtains shall be closed while Royal Time Keepers do their moving.”

“But how will the Royal Time Keepers know when to reopen the curtains?” ingtieed t
King.

“An excellent question, to which we have an answer! Upon each peak, we build five
towers, taller than the curtains that hide the statues. When the time statuenhambed to its
proper place, a Royal Time Keeper climbs the tower and lights a torch aptbkthe tower.
When all five torches are ablaze, the Royal Time Keepers open their dirtains

The King furrowed his brow and rubbed his chin. “And what if a time keeper team
becomes incapacitated?”

“Ah, yes! Every time keeper team will have a backup team.”

“What?” exclaimed the King. “We have to double the number of Royal Time Ké&épers
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“Oh, no! We anticipated the magnitude of that cost, and | think Your Highnedswdill
our solution most elegant. There will be no increase in the number of Royal Timed{eeper

“But how will you create backup teams out of nothing?”

“In fact, we split each current time keeper team in half. For instead of minarsgatues
by hand, time keepers will employ trained woolly mammoths to move them!”

“Woolly mammoths?” responded the King skeptically.

“Trainedwoolly mammoths, four per peak — three to move the statue and one as backup.
We tried other animals, but only the woolly mammoth could do the job.”

“How, Dean, are you going to get four woolly mammoths up each mountain peak?”

“No problem, sirl They will be carried up just as the time statues weaalylhas to be
done once because the woolly mammoths will live atop the peak in woolly mammoth. stables
Each time Royal Time Keepers ascend a peak, they'll bring food and watiee fwoolly
mammoths.”

“Let me see if | get this,” said a doubtful King. “You propose to perch severalywool
mammoths atop each mountain peak along with five signaling towers, eacthtal¢ne
Academy Tower and topped with a fire torch, and encase each time statue irsal coidain of
Royal Red? Is that your solution?”

“Isn’t it amazing how it all works?” affirmed the Dean, proudness in his voice.

But the king was not pleased. “That is not just costly, it is crazy! Is theré@io ot
solution?” An uncomfortable silence fell over the Main Hall as the King saet@ral moments
looking glum.

Finally, the silence was broken by a quiet, but assured, voice from the crowd.

“There is,” said the voice.

“Who said that?” asked the King, turning around in his seat.

“That’s our Professor of Mathematics,” replied the Dean. “She had no ideas. You know
mathematicians, their heads are always on peak six.”

“Apologies, sir,” said the mathematician. “I did try to convey my idea to gsteyday,
but you were too busy to hear it. Admittedly, | got the idea rather late in thesproce

“No matter,” said the King. “Tell us your idea.”

“Your highness might not like it,” said the mathematician, “because it wilhrakange.
But it might have qualities that please.”

“Tell it"” demanded the King. “I care only that it entails fewer changas the current
proposal, and, please, no woolly mammoths.”

“Well,” began the mathematician, “a major source for all our troubles arpuhiess
clock readings, which result when more than one time statue must be moved to show the new
hour, such as when the hour changes from all statues on to all statues off.”

“That is a rough transition time,” agreed the King.

“Yes,” said the mathematician, “so | asked myself, ‘is it possible tie ¢tiyrough the 32
binary digit patterns in such a way that from hour to hour, only 1 time statue is moved?”

The crowd murmured.

The mathematician continued. “I decided to try it, starting at 00000. The firstldyff
that arose was in determining which of the 5 digits should be changed to a 1. All seemed
reasonable choices. To break the tie, | created a rule: change the righgndisat yields a
new pattern until all 32 patterns have appeared. | began writing down the unique sequence
generated by this rule, not sure whether I'd get stuck. But it worked! Ftemvdown the
entire sequence to prove it.”

The mathematician produced a scroll showing a full cycle of 5-digit binasrpsitt “If
this scheme is adopted, there will no longer be spurious readings, because only otatueme s
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moved from hour to hour. What's more, since only one tir
statue is moved, there’d be no need to synchronize time
statue moves between teams.”

“But a team might still be disabled somehow,”
pointed out the Professor of Mistakes. “Are you going to
have a backup team?”

“Yes,” responded the mathematician. “But becaus
only one statue needs be moved each hour, only one time
keeper team and one backup team would be necessary a
given time. This means that only 160 time keepers would
needed instead of the current 400. And, instead of time
keeper teams sitting around the same time statue for 8-hc
shifts, they’d get to spend their time hiking from peak to
peak to stay fit. Each team would handle just about equa
work.”

“That’s brilliant!” said the Professor of Fitness. “I
heartily approve!”

The King studied the scroll. He muttered, “My
beloved binaries — actually my bane.”

“If I may, sir,” continued the mathematician. “The
choice of binary counting was a fine one, bus &
convention. This is just an alternative convention with the
advantage of hourly transitions effected by the movement
a single time statue. People will quickly adjust to associat
these new patterns with the various hours of the day.”

“True, indeed!” perked up the King. “And no woolly
mammoths toiling their lives away as prisoners atop a
mountain peak. | hereby pronounce your idea a beautiful
one, worthy of our great city. And as King of this great cit
| hereby order its immediate implementation!”

And that was the moment that the city of the
Mountain Clock overcame its time troubles and began its
ascent to becoming the most envied city of the ancient wc
Sadly, over the eons, people got lazy and the 32-hour day
was eventually abandoned for longer hours of leisure. All
that remains of the great Mountain Clock is the effaced
statue of the Frogfish, which, to the untrained eye, appeal
just another large boulder.

What beautiful idea will you contribute to your city?

The End.

The sequence invented by the mathematician hasrbd&tovered
several times throughout history. Today, theyadten referred to
as “Gray codes” after Frank Gray who, himself,ediihem
“reflected binary codes” in a 1947 patent applmativhile working
at Bell Labs.

New Mountain Clock

Schedule

Hour
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Frogfish
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Bird Lady

Dragon

Lion
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By Anna B.

Mathematics is a journey of discovery. As mathaaats take this journey, they follow many wrong
turns, believe many incorrect facts, and encountany mysteries. Out of these twists and turns comes
the reward of truth and understanding. Howeveypifl look at math books, you might get the impressio
that mathematicians rarely err. In this column, Argives us a peek into her mathematical process of

discovery, bravely allowing us to watch even assthmbles.

Anna continues thinking about irreducible polynomials over the finite field with 2esism
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Math to the Rescue,
Part 1

by Heidi Hurst
edited by Jennifer Silva

Nearly three years ago, flood
waters in Colorado threatened to destroy
my house. Heavy snowmelt and
torrential rains caused the rivers to
swell, and my dad packed up the car and
drove to higher ground. Fortunately,
my house and my family were safe in
the end. However, many people lost
their homes in the flood, and some even
lost their lives.

After natural disasters like the
2013 Colorado Flood, it takes a lot of
resources and hard work to get a community back on its feet. A government agkeactheal
Federal Emergency Management Agency (FEMA) helps communities in tkeg¢lis. One
way FEMA assists survivors of disasters is by setting up Disaster Rgcosmeters (DRCS).
These temporary centers provide all sorts of resources to a community fohtgetanbnths
after a disaster, such as money to fix broken roofs, mini-fridges for peggnablicine, and
crisis counseling.

The location of a DRC is very important to ensure that people can get the helpetiey ne
After all, if you're just a few minutes’ walk to a DRC but the only way to gettiea bridge
that got washed away by the storm, it won't be useful at all. Making sureBNBt Bpens the
DRC in the best location can play a big role in helping a community to recover quickly.

It might seem a bit daunting to figure out where to put DRCs, but math can help provide
an answer! For an entire summer, that's exactly what | did: use mathit® éigt where to put
the DRCs. I'll walk you through the tool | developed.

| broke this question into three tasks which, together, show a
TGt i e &4 good overall picture of the problem at hand. First, we determine how
Harvard University. long it takes for people to get to a DRC from their houses. Second,
we determine how vulnerable these people are by estimating how

likely they are to be able to get help and how much help they might need (we call this
combination of traitsocial vulnerability). Third, we determine how many people are affected,
and where those people live. Finally, we combine all three of these to determinelR§dod
location choice, then create graphs and charts to explain this to others.

Step 1: Determining Travel Time
We want to know how long it takes for people to reach a DRC from their homes. We

could poll everyone who lives in the area, then take the average of all of thase Hmeever,
that would be very time-consuming!

! This content was supported in part by a grant fkémhWorks. Figures printed with permission of ¢hehor.
2 This project was funded and made possible thrahgtDHS HS-STEM Summer Internship Program admiréste
by Oak Ridge Associated Universities.
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In order to get an accurate estimate, we’'d need to ask a lot of people gght diftaster,
which might be hard if phones are down. Then, if we wanted to run the analysis ferendiff
DRC, we’d have to do the whole process all over again! We must make these agsessme
quickly as possible so people can get the help they need; we have todrel &ffitient.

Instead of asking people how long it takes and taking the average, there is a compute
program known as ArcGIS that we can use to estimate travel time. ArcGiSscaeaap that
typically looks like a bullseye with really ragged edges. The DRC is in titercand each ring
around it shows areas where you can get to a DRC in under 20 minutes, under 40 minutes, or
under 60 minutes.

Figure 1. A map created in ArcGIS that shows dtires to DRCs.

How does the computer calculate these areas? They aren’t just cingesad] the
software uses information about the roads to calculate how far from a DRC someloinérive
in 20 minutes. Each piece of road is stored in the data set with information about thenspeed li
and the length of the road. Because time equals distance divided by speed, we calculete
the time it takes to drive that piece of road.

The software also allows us to note if some pieces of road are impassibléh{sgrtieat
often happens in the case of a natural disaster). After we enter informatiomlainagted roads
and bridges, ArcGIS gives us an accurate drawing of a map showing wheseragaer drive to
a DRC in under 20 minutes, under 40 minutes, or under 60 minutes.

17



Step 2: Determining Vulnerability

The second thing we need to figure out is how vulnerable people are. Social vulnerability
uses American Community Survey data to estimate “a community’s dbilifyevent human
suffering and financial loss in the event of disasteni general, communities that are more
socially vulnerable will need more help after a disaster.

Figure 2. A map created in ArcGIS showing socidhetability.

We want to make sure that the people who need the most help are able to get to a DRC
quickly. To do this, we can look at a map of social vulnerability (in - you guessed ¢G1 3.
We break social vulnerability into three groups: low, medium, and high. High vulnsrabilit
folks, for instance, encompass a wide variety of characteristics: thiygfpople with
disabilities, people without cars, people who don’t speak English, and many others who have
harder time getting help.

We would like to find a useful way to combine the social vulnerability index with drive
time (Step 3. Try to think of a way to do this. Next time, we’ll explain how we did this and are
able to create maps that show regions that reflect both social vulnerabilitynantinde.

% svi.cdc.gov/Documents/FactSheet/SVIFactSheet.pdf
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In Search of Nice Triangles, Part 5

by Ken Fan | edited by Jennifer Silva

Jasmine: How’d your piano lesson go? Emily and Jasmine
continue their

Emily: I'm not sure. I'm working on the E flat major fugue from book : investigation into

of the Well-Tempered Clavier. My teacher thinks that | play it too fasi Nice triangles.

but | like it fast. It feels upbeat to me. Anyway, I've been looking

forward to counting more lattice points!

Jasmine: | wish we could think of a way to count the number of lattice poiRgsaithout
breaking into several cases that depend on the remainder we’d get after gh\bgliag.

Emily: That'd be amazing, but | like your idea of shrinkRgas necessary to become a lattice
polygon, then using Pick’s theorem to figure out the number of lattice points. Why dorot we g
ahead and try that? We’'ve done the case whex& mod 12, so we might as well do the case
wherep is divisible by 12.

Jasmine: All right! I'll draw a picture.

The case wherpis divisible by 12. The white Snip away the gray areas to get the purple lattice
“river” flowing between vertices dR, indicates that polygon which contains all the lattice pointsRip
the actual triangle is much larger and the vertares

far apart.

Emily: It looks like we can shrink, by lifting the edge with slope -1 up a bit, then snipping off
a little isosceles right triangle from the right-angled corner.

Jasmine: That looks right to me. It's as if the boundafa$ a stretched rubber band and the
lattice points are pegs, and the purple region is what's grabbed by the rubber bantswdten i

go.

Emily: That's a neat way to think about it.
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Jasmine: In this case, when the rubber band hugs the contained pegs, it becomestagliadrila

Emily: We already computed that the are&ofs (p — 3¥/48. FromR,, we remove a trapezoid
and an isosceles right triangle to get our quadrilateral.

Jasmine: | get (2— 9)/16 for the area of the trapezoid.

Emily: And the area of the little isosceles right triangle is 1/4 — itjgater of a unit square.
Jasmine: So the area of the quadrilateréh is 3Y/48 — (D — 9)/16 — 1/4

Emily: Now we have to count lattice points on the boundary of the quadrilateral.
Jasmine: The side with slope -1 Ip#é — 1 lattice points.

Emily: And the side with slope 1 ha&3 —p/4 lattice points.

Jasmine: The two lattice points on the short flat side are already accaamisal dll we have to
do is count lattice points on the side with slope -1/2.

Emily: | getp/2 —p/3 lattice points on that side, but the lattice points at the endpoints have
already been counted.

Jasmine: Right, so that means that the total number of lattice points on the boundary of the
quadrilateral isgf/4 — 1) + 0/3 —pl/4) + (/2 —p/3) — 2, which simplifies te/2 — 3

Emily: Pick’s theorem says that
(p—3Y/48 — (D —9)/16 — 1/41 + (p/2 — 3/2 - 1,

wherel is the number of lattice points inside the quadrilateral.
Jasmine: We actually want to know the total number of lattice points in or on the boahttey
quadrilateral, which is + (p/2 — 3. We can get that on the right-hand side of Pick’s equation by
adding (/2 — 3/2 + 1 to both sides:

(p—3Y/48 — (D —9)/16 — 1/4+ (p/2 — 3/2 + 1=1 + (p/2 - 3.
The left-hand side of this equation simplifiegof48.
Emily: | can’t believe how much cancels! Nifty formula. And sipas divisible by 12, we
know thatp? is divisible by 12, or 144; and since 48 divides evenly into 144, this formula does

produce whole numbers.

Jasmine: That's a good check. According to this formula, there should be 12 inteder-side
triangles with perimeter 24. Is that so?

Emily and Jasmine work out from scratch all integer-sided triangl&sanperimeter of 24.
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Content Removed from Electronic Version

America’s Greatest Math Game: Who Wants to Be ehktatatician.

(advertisement)
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Notes from the Club

These notes cover some of what happened at Girls’ Angle meets. In these notekidee

some of the things that you can try or think about at home or with friends. We also incl@de som
highlights and some elaborations on meet material. Less than 5% of what happercsud is
revealed here.

Session 18 - Meet 5 Mentors: Asra Ali, Bridget Bassi, Anna Ellison, Neslly Estrada,
March 3, 2016 Hannah Larson, Jane Wang (Head)

Codes, origami, mathematical doodling, perspective drawing, probability, and proofs
were topics of the day. For the perspective drawing, we drew the room we ware by, line.
Each line was an exercise in understanding principles of perspective drawing.

Session 18 - Meet 6 Mentors: Karia Dibert, Neslly Estrada, Lydia Goldberg,
March 10, 2016 Hannah Larson, Jane Wang (Head)

The Fujimoto Hydrangea origami model consists only of folds that are poahe
sides of the origami square or run at 45° angles to the sides. A number of such “pséereas
made, and then the paper is collapsed, bringing four squares in the corners ohthesumre
together to meet at the center. Look up this model on the internet and try to understand how the
collapse works. Also, how does the model enable one to iterate, in principle, forever?

Session 18 - Meet 7 Mentors: Asra Ali, Bridget Bassi, Karia Dibert,
March 17, 2016 Hannah Larson, Jane Wang (Head)

Some of our members were having trouble determining the numerical order of numbers
expressed as fractions and decimals. To address this, we played several rolumdbesfHot
Potato (see page 24 of Volume 8, Number 4 of this Bulletin) to provide a fun way to pradtice tha
skill. For example, in one round, the person with the hot potato had to say a number not said
before, could not be equal to 1, but had to be closer to 1 than the previously spoken number.
Can you fold a perfect equilateral triangle starting with a squmeet ®f paper? What is
the largest such triangle you can fold? What is the triangle withrifiestaarea that you can
fold? What is the triangle with the largest perimeter that you can fold8uide the original
square is 1 unit on a side.)

Session 18 - Meet 8 Mentors: Asra Ali, Bridget Bassi, Karia Dibert,
March 31, 2016 Neslly Estrada, Hannah Larson, Jane Wang (Head)

We met Debbie Seidell’'s newborn!

Here’s a quick ordering true/false question: Are the numbers 12/13, 13/14, and 14/15
written in increasing numerical order? Can you figure this out without havitig any
computation?
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Proof writing has become an ongoing theme of this session. Mathemattoag wri
requires precision and clear thinking. Some of our members have been able to dedkstmte
results, but are having difficulty constructing a good proof. To develop thig/abéite are two
types of exercises that we have been using at the club:

1. Scrambled proof problems. Take a well-written proof and split the proof into lots of
pieces. Scramble up these pieces. The problem is to unscramble the pieces scethdt tha
coherent proof. The goal of this exercise is to give students exposure to ittelt-wroofs and
to force them to think carefully about every statement in the proof and how theyoedateh
other.

2. Articulation practice. The basic concept for these exercises is émpties student
with some mathematical situation which they must then describe in writing. oBhesdo
describe the situation clearly, concisely, and accurately. For exampimjigimnepresent an
interesting set of numbers, such as {-1024, -256, -64, -16, -4, -1, 2, 8, 32, 128, 512}. How
succinctly can you describe the contents of this set?

For more on proofs, check out Timothy Chow’s artisleat is a Proofdn page 3 of
Volume 1, Number 5 of this Bulletin.

Session 18 - Meet 9 Mentors: Karia Dibert, Hannah Larson,
April 7, 2016 Jennifer Matthews, Jane Wang (Head)

We played more Number Hot Potato, but this time, many of the rules were invented by
the players. It turns out that this really pushed participants mathemiatitsilds they tried to
invent rules that would make the round a big challenge for everyone else.

Other topics of the day: patterns in Pascal’s triangle, Pythagorgl@s tprobability, and
the geometry of circles.

Session 18 - Meet 10 Mentors: Karia Dibert, Neslly Estrada,
April 14, 2016 Jennifer Matthews, Jane Wang (Head)

Girls’ Angle member has been investigating a sequence of numbers. She presented a
beautiful recurrence relation that matched the 4 terms of the sequence she had fauntiso f
recurrence relationship is so wonderful to behold that we're dedicating thisistraber’s
Thoughtcolumn to it. See page 27.

Session 18 - Meet 11 Mentors: Bridget Bassi, Anna Ellison, Neslly Estrada,
April 28, 2016 Anuhya Vajapeyajula, Jane Wang (Head)

Some members worked on the famous problem that Ramanujan solved while stir-frying
vegetables: A man lives on a street where the house numbers run consecutivelyofrom 1 t
where 50 <01 < 500. One day he notices that the sum of the house numbers to his left and the
sum of the house numbers to his right are equal. How many houses were on the street and in
what house did he live?

Coincidentally, the movighe Man Who Knew Infinitgbout Ramanujan opens in
theaters on April 30. Check it out!
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Member’s Thoughts

A Marvelous Recurrence
by Ken Fan

This session, created a remarkable recurrence relation while investigating alspecia
sequence of numbers. She had computed the first four terms of the sequence to be 2, 6, 12, and
18. Instead of computing more terms, she decided to try to come up with a rule thaiiels
generate more number€alling her sequenga,, she came up with

2 - -
pm: pm—l (pm pml) pmzlform> 2
pm—2

Let's take a close look ats recurrence relation and unlock some of its secrets.
Isolating the next term

The first thing we might want to do with a recurrence relation is gena@te terms of
the sequence. If we imagine going through the process of computing sucasssyeve will
notice that the new term that we are trying to compute appears on both sitdeeofirrence
relation. To find the new term, we would then have to solve an equation.

It would be more efficient if, instead of having to solve an equation for each mey te
we simply had to evaluate a formula. This suggests trying to igmlatethe recurrence
relation:

pri-1_ (pm- pml) pm2

Pm = D ( ’s original recurrence relation)
p2 m- 2
pm = —p”"i - (Pn Py (divide through bypm-2)
pr;2
2Pm = p”"l + Py (addpm to both sides)
m- 2
1 p?
pm = - pm'l + Py (divide both sides by 2)
m- 2

Now, to generate new terms of the sequence, we just substitute the previous two tetimes int
right-hand side of the last equation and evaluate the resulting expressionarptexf we
substitute 2 fopm-2 and 6 forpm- 1, we compute ¥.@2 + 6) = 12, which should come as no
surprise since designed her recurrence relation to match the initial sequence 2, 6, 12, 18.

Finding a formula for pm

Notice that both terms in the parenthetic expression of the last equation shciox aff
pm-1 Let's factor it out:

_ Pn1 Pms
Pm = +1 .
"2 P,
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Inside the parenthesis, the fraction is the ratio of consecutive terms of the gegNetice that
if we divide throughout bpm- 1, we will obtain a ratio of consecutive terms on the left-hand side
of the equation too:

pm :E pm—l +1 .
pm—l 2 pm2

In order to accentuate the fact that terms of the sequence that appearqnahmelways
appear as part of a ratio of consecutive terms, we define a new seguems#om-1, form> 1.
With this definition, ’s recurrence relation becomes

rm= (fm-1+ 1)/2.
This recurrence relation is slightly more complicated than the recurrelati®@msn = sm- /2,
which would be the recurrence relation faggeometric sequenceavith common ratio 1/2.
Notice that the equation can be rewritten as

2rm—rm—1: 1.

So we have a whole sequence of equations (down the left column below):

2Am—Im-1 =1 (x 2"-3) 2" = 2" ¥y = 2M-3

2Am-1—Im-2 =1 (x 2"=4) 2" 31— 2", = 2M4
2rs—r4 =1 (x 22) Brs—2rqy = 22
2rp—rz =1 (x 24 2ty —2rg = 24
2r3—r =1 (x 2 2%r3—r; =1

Look what happens when we multiply each equation by a higher and higher power of 2 as we go
up, starting with 2= 1 at the bottom,2= 2 at the second from bottom, and so forth, all the way
to 2"~ 3at the very top, then add up all the resulting equations. A lot cancels:
2" A —rp=2" 3+ 224 434 241=2"2-1,
Since we knowz = p2/p1 = 6/2 = 3, we find thatm =1 + 1/2"~3,

Finally, sincepm = pirarara - - -rm-1rm, we conclude that

1 1 1 1 1 1 1
=2 +— I+ 1= 1+ = G (G N b .
pm 2— 1 20 21 Z’n— 3 Z a( )' 2 4 21— 3

Since each successive term is obtained by muhiglthe previous by something a little
bigger than 1, the sequence is an increasing one.

Can you show that the sequence is bounded abAisss? if you know about generating
functions, how does this relate to the generatimgtion of partitions into distinct parts?
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Calendar

Session 18: (all dates in 2016)

January 28 Start of the eighteenth session!
February 4  Anna Frebel, Department of Astronomy] Ml
11
18 No meet
25
March 3
10
17
24 No meet
31
April 7
14
21 No meet
28
May 5

Session 19: (all dates in 2016) This calendagnsative.

September 15 Start of the seventeenth session!
22
29
October 6
13
20
27
November 3
10
17
24 Thanksgiving - No meet
December 1
8

Girls’ Angle has been hosting Math Collaboratiohsahools and libraries. Math Collaborations
are fun math events that can be adapted to a yarfigfroup sizes and skill levels. For more
information and testimonials, please visivw.girlsangle.org/page/math_collaborations.html

Girls’ Angle can offer custom math classes overitibernet for small groups on a wide range of
topics. Please inquire for pricing and possilaiti Emailgirlsangle@gmail.com
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Girls’ Angle: A Math Club for Girls

Membership Application

Note: If you plan to attend the club, you only need to fill out the ClutiEnrollment Form because all
the information here is also on that form.

Applicant’s Name: (last) (first)

Parents/Guardians:

Address (the Bulletin will be sent to this address):

Email:

Home Phone: Cell Phone:

Personal Statement (optional, but strongly encouraged!): Plelase addout your relationship to
mathematics. If you don'’t like math, what don’t you like? If you love math, whavddoye? What
would you like to get out of a Girls’ Angle Membership?

The $36 rate is for US postal addresses oRly: international rates, contact us before applying.
Please check all that apply:

Enclosed is a check for $36 for a 1-year Girls’ Angle Membership.

I am making a tax free donation.

Please make check payable@®ixls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending engiltangle @gmail.com

A Math Club for Girls
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Girls’ Angle
Club Enrollment

Gain confidence in math! Discover how interesting and excitg math can be! Make new friends!

The club is where our in-person mentoring takes place. At the club, girlsiweckly with our mentors
and members of our Support Network. To join, please fill out and return th&@alhment form.
Girls’ Angle Members receive a significant discount on club atteceléees.

Who are the Girls’ Angle mentors? Our mentors possess a deep understanding of mathematics and
enjoy explaining math to others. The mentors get to know each member as igliéha@ind design
custom tailored projects and activities designed to help the mempenie at mathematics and develop
her thinking abilities. Because we believe learning follows nayundien there is motivation, our
mentors work hard to motivate. In order for members to see math as a liviniyecsabject, at least one
mentor is present at every meet who has proven and published original theorems

What is the Girls’ Angle Support Network? The Support Network consists of professional women
who use math in their work and are eager to show the members how and for what they ugeaoia
member of the Support Network serves as a role model for the membersheFoipety demonstrate that
many women today use math to make interesting and important contributionsetg.soci

What is Community Outreach? Girls’ Angle accepts commissions to solve math problems from
members of the community. Our members solve them. We believe that when dagrsiafiorts are
actually used in real life, the motivation to learn math increases.

Who can join? Ultimately, we hope to open membership to all women. Currently, we are openilgrima
to girls in grades 5-12. We welcorak girls (in grades 5-12) regardless of perceived mathematical
ability. There is no entrance test. Whether you love math or suffer fedmanxiety, math is worth
studying.

How do | enroll? You can enroll by filling out and returning the Club Enrollment form.

How do | pay? The cost is $20/meet for members and $30/meet for nonmembers. Members get an
additional 10% discount if they pay in advance for all 12 meets in a sessitsmaré&iwelcome to join at
any time. The program is individually focused, so the concept of “catchinglupheigroup” doesn’t

apply.

Where is Girls’ Angle located? Girls’ Angle is located about 12 minutes walk from Central Square on
Magazine Street in Cambridge, Massachusetts. For security reasonmagambers and their
parents/guardian will be given the exact location of the club and its ploomeer.

When are the club hours?Girls’ Angle meets Thursdays from 3:45 to 5:45. For calendar detailsepleas
visit our website atvww.girlsangle.org/page/calendar.htarlsend us email.

Can you describe what the activities at the club will be likeGirls’ Angle activities are tailored to
each girl's specific needs. We assess where each girl is matredipatnol then design and fashion
strategies that will help her develop her mathematical abilitieeryBudy learns math differently and
what works best for one individual may not work for another. At Girls’ Angle,re@ery sensitive to
individual differences. If you would like to understand this process in maaé, gg¢ase email us!
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Are donations to Girls’ Angle tax deductible? Yes, Girls’ Angle is a 501(c)(3). As a nonprofit, we
rely on public support. Join us in the effort to improve math education! Pleaseymakdonation out to
Girls’ Angle and send to Girls’ Angle, P.O. Box 410038, Cambridge, MA 02141-0038.

Who is the Girls’ Angle director? Ken Fan is the director and founder of Girls’ Angle. He has a Ph.D.
in mathematics from MIT and was a Benjamin Peirce assistant proféssattematics at Harvard, a
member at the Institute for Advanced Study, and a National Science Foundatidocporal fellow. In
addition, he has designed and taught math enrichment classes at BostonishMiiSeience, worked in
the mathematics educational publishing industry, and taught at HCSSiM. &eoluateered for

Science Club for Girls and worked with girls to build large modular origaajects that were displayed
at Boston Children’s Museum.

Who advises the director to ensure that Girls’ Angle realizeds goal of helping girls develop their
mathematical interests and abilities? Girls’ Angle has a stellar Board of Advisors. They are:

Connie Chow, executive director of Science ClubGats

Yaim Cooper, lecturer, Harvard University

Julia Elisenda Grigsby, assistant professor of prattics, Boston College

Kay Kirkpatrick, assistant professor of mathematig¢siversity of lllinois at Urbana-Champaign

Grace Lyo, Instructional Designer, Stanford Uniitgrs

Lauren McGough, graduate student in physics, Ptamceniveresity

Mia Minnes, SEW assistant professor of mathemalti€&sSan Diego

Beth O’Sullivan, co-founder of Science Club for I&ir

Elissa Ozanne, associate professor, The Dartmaosthute

Kathy Paur, Kiva Systems

Bjorn Poonen, professor of mathematics, MIT

Gigliola Staffilani, professor of mathematics, MIT

Bianca Viray, assistant professor, University ofSMagton

Karen Willcox, professor of aeronautics and astatica, MIT

Lauren Williams, associate professor of mathemati€s Berkeley

At Girls’ Angle, mentors will be selected for their depth of understanding of mathematics as well as
their desire to help others learn math. But does it really mattethat girls be instructed by people
with such a high level understanding of mathematics2Ve believe YES, absolutely! One goal of
Girls’ Angle is to empower girls to be able to tackte/field regardless of the level of mathematics
required, including fields that involve original research. Over the destithe mathematical universe
has grown enormously. Without guidance from people who understand a lot of math, thihask is
student will acquire a very shallow and limited view of mathematicshenghtportance of various topics
will be improperly appreciated. Also, people who have proven original theamashesstand what it is
like to work on questions for which there is no known answer and for which tlgitenmot even be an
answer. Much of school mathematics (all the way through collegalvesvaround math questions with
known answers, and most teachers have structured their teaching, whetheustnscnot, with the
knowledge of the answer in mind. At Girls’ Angle, girls will learn tetgies and techniques that apply
even when no answer is known. In this way, we hope to help girls become solvergatfuthsolved.

Also, math should not be perceived as the stuff that is done in math klaksad, math lives and thrives

today and can be found all around us. Girls’ Angle mentors can show girls how méghastreo their
daily lives and how this math can lead to abstract structures of enormenesi and beauty.
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Girls’ Angle: Club Enroliment Form

Applicant’s Name: (last) (first)

Parents/Guardians:

Address: Zip Code:

Home Phone: Cell Phone: Email:

Please fill out the information in this box.

Emergency contact name and number

Pick Up Info: For safety reasons, only the following peopl# ¢ allowed to pick up your daughter. Names:

Medical Information: Are there any medical issues or conditions, suclasgies, that you'd like us to know about?

Photography ReleaseOccasionally, photos and videos are taken to deotiiand publicize our program in all media forms Wil
not print or use your daughter’s name in any waywe have permission to use your daughter’s imagéhese purposes?yYes No

Eligibility: Girls roughly in grades 5-12 are welcome. Althlowge will work hard to include every girl and toremunicate with you
any issues that may arise, Girls’ Angle reservediilcretion to dismiss any girl whose actionsdigeuptive to club activities.

Personal Statement (optional, but strongly encouraged!)}Ve encourage the participant to fill out the
optional personal statement on the next page.

Permission: | give my daughter permission to participate in Girls’ Angle. | haael rand understand
everything on this registration form and the attached information sheets

Date:
(Parent/Guardian Signature)
Participant Signature:
Members: Please choose one. Nonmembers: Please choose one.
Enclosed is $216 for one session | will pay on a per meet basis at $30/meet.
(12 meets) _ )
I’'m including $36 to become a member,
| will pay on a per meet basis at $20/me and | have selected an item from the left.

| am making a tax free donation.

Please make check payable@xls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending engiiltangle @gmail.comAlso,
please sign and return the Liability Waiver or bring it with you to ths fireet.
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Personal Statement (optional, but strongly encouraged!)this is for the club participant only. How
would you describe your relationship to mathematics? What would you like to gdtymuir Girls’
Angle club experience? If you don'’t like math, please tell us why. If you lotle, piaase tell us what
you love about it. If you need more space, please attach another sheet.

Girls’ Angle: A Math Club for Girls
Liability Waiver

[, the undersigned parent or guardian of the walhg minor(s)

do hereby consent to my child(ren)’s participatiosirls’ Angle and do forever and irrevocably r&te Girls’
Angle and its directors, officers, employees, ageaund volunteers (collectively the “Releaseesdirfrany and
all liability, and waive any and all claims, foumy, loss or damage, including attorney’s feesany way
connected with or arising out of my child(ren)’'stg@pation in Girls’ Angle, whether or not causeg my
child(ren)’s negligence or by any act or omissiéGols’ Angle or any of the Releasees. | forevelease,
acquit, discharge and covenant to hold harmlesRéweasees from any and all causes of action antslon
account of, or in any way growing out of, direabhlyindirectly, my minor child(ren)’s participation Girls’
Angle, including all foreseeable and unforeseepblsonal injuries or property damage, further ideig all
claims or rights of action for damages which my onichild(ren) may acquire, either before or afteron she
has reached his or her majority, resulting froncamnected with his or her participation in Girls\@le. | agree
to indemnify and to hold harmless the Releasees &lbclaims (in other words, to reimburse the Reées and
to be responsible) for liability, injury, loss, dage or expense, including attorneys’ fees (inclgdire cost of
defending any claim my child might make, or thaghtibe made on my child(ren)’s behalf, that isasésl or
waived by this paragraph), in any way connectetl witarising out of my child(ren)’s participatiam the
Program.

Signature of applicant/parent: Date:

Print name of applicant/parent:

Print name(s) of child(ren) in program:
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